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We show that multiple quantum coherence signals in dilute gases require the multiple scattering
of real photons. The latter mediate the retarded dipole-dipole interaction – which dominates the
static interatomic potential hitherto considered as the essential source of these signals.
Introduction.— Dipole-dipole interactions are the key
mechanism behind transport and collective phenomena,
including dipole blockade in Rydberg gases [1], coherent
backscattering of light in cold atoms [2], resonant energy
transfer in photosynthetic complexes [3, 4], interatomic
Coulombic decay [5, 6], sub- [7] and superradiance [8],
and multipartite entanglement [9, 10]. Sensing these in-
teractions in dilute systems of atoms is challenging, espe-
cially in presence of significant Doppler shifts introduced
by thermal motion.
Manifestations of dipolar interactions in inhomoge-
neously broadened atomic ensembles can be revealed
via so-called quantum coherence signals [11–15], which
are emitted when atoms are pumped and probed by a
series of femtosecond laser pulses (see Fig. 1). Until
now, interpretation of such signals [11, 12, 16] has relied
on two orthodox premises of multi-dimensional nonlin-
ear spectroscopy [17, 18]: (i) the laser-atom interactions
are sufficiently weak and can be accounted for pertur-
batively, using double-sided Feynman diagrams, and (ii)
the dipole-dipole coupling scales as ∼ R−3 with the inter-
atomic distance R and corresponds to the familiar static
[19], or near-field interaction associated with virtual pho-
tons [20]. The static interatomic potential gives rise to
shifts in the atomic energy levels which are assessed non-
perturbatively [11–16] via transformation to the exciton
basis [17]. Therefore, in this framework, quantum coher-
ence signals are sensing the exchange of infinitely many
virtual photons between the atoms.
In this paper, we propose a quantum-optical master
equation approach to describe the interaction of dilute
thermal gases with ultrashort laser pulses. The same
theoretical approach was previously used to faithfully
model coherent backscattering (CBS) of intense, continu-
ous wave (cw) laser light by cold atoms [21–24]. By con-
struction, this method treats the laser-matter interaction
non-perturbatively. Furthermore, the dipole-dipole cou-
pling emerges from an embedding of the atoms into the
common electromagnetic bath, upon tracing over its de-
grees of freedom [25, 26]. In addition to the near-field
term, the resulting dipole coupling includes a far-field
component, which scales as ∼ R−1. This contribution
accounts for the retardation of the dipole-dipole interac-
tions and is responsible for multiple scattering [24] of real
photons [20] between atoms. The retarded dipole-dipole
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kL<latexit sha1_base64="eiNYdKABr+zdkFO7NrsEEl4sulg=">AAAB8HicbZBNSwMxEIZn/az1q+rRS7AInsquCHos9OLBQ wX7IW0p2TTbhibZJZkVytJf4cWDIl79Od78N6btHrT1hcDDOzNk5g0TKSz6/re3tr6xubVd2Cnu7u0fHJaOjps2Tg3jDRbL2LRDarkUmjdQoOTtxHCqQslb4bg2q7eeuLEi1g84SXhP0aEWkWAUnfWYdcOIjKf9u36p7Ff8ucgqBDmUIVe9X/rqDmKWKq6RSW ptJ/AT7GXUoGCST4vd1PKEsjEd8o5DTRW3vWy+8JScO2dAoti4p5HM3d8TGVXWTlToOhXFkV2uzcz/ap0Uo5teJnSSItds8VGUSoIxmV1PBsJwhnLigDIj3K6EjaihDF1GRRdCsHzyKjQvK4Hj+6tytZbHUYBTOIMLCOAaqnALdWgAAwXP8ApvnvFevHfvY9G6 5uUzJ/BH3ucPbmKQJw==</latexit><latexit sha1_base64="eiNYdKABr+zdkFO7NrsEEl4sulg=">AAAB8HicbZBNSwMxEIZn/az1q+rRS7AInsquCHos9OLBQ wX7IW0p2TTbhibZJZkVytJf4cWDIl79Od78N6btHrT1hcDDOzNk5g0TKSz6/re3tr6xubVd2Cnu7u0fHJaOjps2Tg3jDRbL2LRDarkUmjdQoOTtxHCqQslb4bg2q7eeuLEi1g84SXhP0aEWkWAUnfWYdcOIjKf9u36p7Ff8ucgqBDmUIVe9X/rqDmKWKq6RSW ptJ/AT7GXUoGCST4vd1PKEsjEd8o5DTRW3vWy+8JScO2dAoti4p5HM3d8TGVXWTlToOhXFkV2uzcz/ap0Uo5teJnSSItds8VGUSoIxmV1PBsJwhnLigDIj3K6EjaihDF1GRRdCsHzyKjQvK4Hj+6tytZbHUYBTOIMLCOAaqnALdWgAAwXP8ApvnvFevHfvY9G6 5uUzJ/BH3ucPbmKQJw==</latexit><latexit sha1_base64="eiNYdKABr+zdkFO7NrsEEl4sulg=">AAAB8HicbZBNSwMxEIZn/az1q+rRS7AInsquCHos9OLBQ wX7IW0p2TTbhibZJZkVytJf4cWDIl79Od78N6btHrT1hcDDOzNk5g0TKSz6/re3tr6xubVd2Cnu7u0fHJaOjps2Tg3jDRbL2LRDarkUmjdQoOTtxHCqQslb4bg2q7eeuLEi1g84SXhP0aEWkWAUnfWYdcOIjKf9u36p7Ff8ucgqBDmUIVe9X/rqDmKWKq6RSW ptJ/AT7GXUoGCST4vd1PKEsjEd8o5DTRW3vWy+8JScO2dAoti4p5HM3d8TGVXWTlToOhXFkV2uzcz/ap0Uo5teJnSSItds8VGUSoIxmV1PBsJwhnLigDIj3K6EjaihDF1GRRdCsHzyKjQvK4Hj+6tytZbHUYBTOIMLCOAaqnALdWgAAwXP8ApvnvFevHfvY9G6 5uUzJ/BH3ucPbmKQJw==</latexit><latexit sha1_base64="eiNYdKABr+zdkFO7NrsEEl4sulg=">AAAB8HicbZBNSwMxEIZn/az1q+rRS7AInsquCHos9OLBQ wX7IW0p2TTbhibZJZkVytJf4cWDIl79Od78N6btHrT1hcDDOzNk5g0TKSz6/re3tr6xubVd2Cnu7u0fHJaOjps2Tg3jDRbL2LRDarkUmjdQoOTtxHCqQslb4bg2q7eeuLEi1g84SXhP0aEWkWAUnfWYdcOIjKf9u36p7Ff8ucgqBDmUIVe9X/rqDmKWKq6RSW ptJ/AT7GXUoGCST4vd1PKEsjEd8o5DTRW3vWy+8JScO2dAoti4p5HM3d8TGVXWTlToOhXFkV2uzcz/ap0Uo5teJnSSItds8VGUSoIxmV1PBsJwhnLigDIj3K6EjaihDF1GRRdCsHzyKjQvK4Hj+6tytZbHUYBTOIMLCOAaqnALdWgAAwXP8ApvnvFevHfvY9G6 5uUzJ/BH3ucPbmKQJw==</latexit>
c)
<latexit sha1_base64="9s3z4ecYAVk91rIQKGqjE7XnO04=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF 0EtJpKDHQi8eq9gPaEPZbDft0s0m7E6EEvoPvHhQxKv/yJv/xm2bg7a+sPDwzgw78waJFAZd99spbGxube8Ud0t7+weHR+Xjk7aJU814i8Uy1t2AGi6F4i0UKHk30ZxGgeSdYNKY1ztPXBsRq0ecJtyP6EiJUDCK1npgV4 Nyxa26C5F18HKoQK7moPzVH8YsjbhCJqkxPc9N0M+oRsEkn5X6qeEJZRM64j2Likbc+Nli0xm5sM6QhLG2TyFZuL8nMhoZM40C2xlRHJvV2tz8r9ZLMbz1M6GSFLliy4/CVBKMyfxsMhSaM5RTC5RpYXclbEw1ZWjDKdkQv NWT16F9XfUs39cq9UYeRxHO4BwuwYMbqMMdNKEFDEJ4hld4cybOi/PufCxbC04+cwp/5Hz+ACoujRs=</latexit><latexit sha1_base64="9s3z4ecYAVk91rIQKGqjE7XnO04=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF 0EtJpKDHQi8eq9gPaEPZbDft0s0m7E6EEvoPvHhQxKv/yJv/xm2bg7a+sPDwzgw78waJFAZd99spbGxube8Ud0t7+weHR+Xjk7aJU814i8Uy1t2AGi6F4i0UKHk30ZxGgeSdYNKY1ztPXBsRq0ecJtyP6EiJUDCK1npgV4 Nyxa26C5F18HKoQK7moPzVH8YsjbhCJqkxPc9N0M+oRsEkn5X6qeEJZRM64j2Likbc+Nli0xm5sM6QhLG2TyFZuL8nMhoZM40C2xlRHJvV2tz8r9ZLMbz1M6GSFLliy4/CVBKMyfxsMhSaM5RTC5RpYXclbEw1ZWjDKdkQv NWT16F9XfUs39cq9UYeRxHO4BwuwYMbqMMdNKEFDEJ4hld4cybOi/PufCxbC04+cwp/5Hz+ACoujRs=</latexit><latexit sha1_base64="9s3z4ecYAVk91rIQKGqjE7XnO04=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF 0EtJpKDHQi8eq9gPaEPZbDft0s0m7E6EEvoPvHhQxKv/yJv/xm2bg7a+sPDwzgw78waJFAZd99spbGxube8Ud0t7+weHR+Xjk7aJU814i8Uy1t2AGi6F4i0UKHk30ZxGgeSdYNKY1ztPXBsRq0ecJtyP6EiJUDCK1npgV4 Nyxa26C5F18HKoQK7moPzVH8YsjbhCJqkxPc9N0M+oRsEkn5X6qeEJZRM64j2Likbc+Nli0xm5sM6QhLG2TyFZuL8nMhoZM40C2xlRHJvV2tz8r9ZLMbz1M6GSFLliy4/CVBKMyfxsMhSaM5RTC5RpYXclbEw1ZWjDKdkQv NWT16F9XfUs39cq9UYeRxHO4BwuwYMbqMMdNKEFDEJ4hld4cybOi/PufCxbC04+cwp/5Hz+ACoujRs=</latexit><latexit sha1_base64="9s3z4ecYAVk91rIQKGqjE7XnO04=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF 0EtJpKDHQi8eq9gPaEPZbDft0s0m7E6EEvoPvHhQxKv/yJv/xm2bg7a+sPDwzgw78waJFAZd99spbGxube8Ud0t7+weHR+Xjk7aJU814i8Uy1t2AGi6F4i0UKHk30ZxGgeSdYNKY1ztPXBsRq0ecJtyP6EiJUDCK1npgV4 Nyxa26C5F18HKoQK7moPzVH8YsjbhCJqkxPc9N0M+oRsEkn5X6qeEJZRM64j2Likbc+Nli0xm5sM6QhLG2TyFZuL8nMhoZM40C2xlRHJvV2tz8r9ZLMbz1M6GSFLliy4/CVBKMyfxsMhSaM5RTC5RpYXclbEw1ZWjDKdkQv NWT16F9XfUs39cq9UYeRxHO4BwuwYMbqMMdNKEFDEJ4hld4cybOi/PufCxbC04+cwp/5Hz+ACoujRs=</latexit>
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PD
|2i
<latexit sha1_base64="xaX4igWkQfYwfBtwcGZrdRob8cA=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix0IvHCvZD2lA220m7dLMJuxuhxP4KLx4U8erP8ea/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVT egGgWX2DLcCOwmCmkUCOwEk8a83nlEpXks7800QT+iI8lDzqix1sNTra+oHAkclCtu1V2IrIOXQwVyNQflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LEoaofazxcIzcmGdIQljZZ80ZOH+nshopPU0CmxnRM1Yr9bm5n+1XmrCGz/jMkkNSrb8KEwFMTGZX0+GXCEzYmqBMsXtroSNqaLM2IxKNgRv9eR1aNeqnuW7q0q9kcdRhDM4h0vw4BrqcAtNaAGDCJ7hFd4c5bw4787HsrXg5DOn8EfO5w+4jpBY</latexit><latexit sha1_base64="xaX4igWkQfYwfBtwcGZrdRob8cA=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix0IvHCvZD2lA220m7dLMJuxuhxP4KLx4U8erP8ea/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVT egGgWX2DLcCOwmCmkUCOwEk8a83nlEpXks7800QT+iI8lDzqix1sNTra+oHAkclCtu1V2IrIOXQwVyNQflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LEoaofazxcIzcmGdIQljZZ80ZOH+nshopPU0CmxnRM1Yr9bm5n+1XmrCGz/jMkkNSrb8KEwFMTGZX0+GXCEzYmqBMsXtroSNqaLM2IxKNgRv9eR1aNeqnuW7q0q9kcdRhDM4h0vw4BrqcAtNaAGDCJ7hFd4c5bw4787HsrXg5DOn8EfO5w+4jpBY</latexit><latexit sha1_base64="xaX4igWkQfYwfBtwcGZrdRob8cA=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix0IvHCvZD2lA220m7dLMJuxuhxP4KLx4U8erP8ea/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVT egGgWX2DLcCOwmCmkUCOwEk8a83nlEpXks7800QT+iI8lDzqix1sNTra+oHAkclCtu1V2IrIOXQwVyNQflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LEoaofazxcIzcmGdIQljZZ80ZOH+nshopPU0CmxnRM1Yr9bm5n+1XmrCGz/jMkkNSrb8KEwFMTGZX0+GXCEzYmqBMsXtroSNqaLM2IxKNgRv9eR1aNeqnuW7q0q9kcdRhDM4h0vw4BrqcAtNaAGDCJ7hFd4c5bw4787HsrXg5DOn8EfO5w+4jpBY</latexit><latexit sha1_base64="xaX4igWkQfYwfBtwcGZrdRob8cA=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix0IvHCvZD2lA220m7dLMJuxuhxP4KLx4U8erP8ea/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVT egGgWX2DLcCOwmCmkUCOwEk8a83nlEpXks7800QT+iI8lDzqix1sNTra+oHAkclCtu1V2IrIOXQwVyNQflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LEoaofazxcIzcmGdIQljZZ80ZOH+nshopPU0CmxnRM1Yr9bm5n+1XmrCGz/jMkkNSrb8KEwFMTGZX0+GXCEzYmqBMsXtroSNqaLM2IxKNgRv9eR1aNeqnuW7q0q9kcdRhDM4h0vw4BrqcAtNaAGDCJ7hFd4c5bw4787HsrXg5DOn8EfO5w+4jpBY</latexit>
|3i
<latexit sha1_base64="ik18sanYRZxqeA8Zd0oxE6cC8k0=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSFfRY6MVjBfshbSib7aRdutmE3Y1QYn+FFw+KePXnePPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqh NQjYJLbBpuBHYShTQKBLaDcX1Wbz+i0jyW92aSoB/RoeQhZ9RY6+HpsqeoHArslytu1Z2LrIKXQwVyNfrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LUoaofaz+cJTcmadAQljZZ80ZO7+nshopPUkCmxnRM1IL9dm5n+1bmrCGz/jMkkNSrb4KEwFMTGZXU8GXCEzYmKBMsXtroSNqKLM2IxKNgRv+eRVaF1UPct3V5VaPY+jCCdwCufgwTXU4BYa0AQGETzDK7w5ynlx3p2PRWvByWeO4Y+czx+6GZBZ</latexit><latexit sha1_base64="ik18sanYRZxqeA8Zd0oxE6cC8k0=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSFfRY6MVjBfshbSib7aRdutmE3Y1QYn+FFw+KePXnePPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqh NQjYJLbBpuBHYShTQKBLaDcX1Wbz+i0jyW92aSoB/RoeQhZ9RY6+HpsqeoHArslytu1Z2LrIKXQwVyNfrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LUoaofaz+cJTcmadAQljZZ80ZO7+nshopPUkCmxnRM1IL9dm5n+1bmrCGz/jMkkNSrb4KEwFMTGZXU8GXCEzYmKBMsXtroSNqKLM2IxKNgRv+eRVaF1UPct3V5VaPY+jCCdwCufgwTXU4BYa0AQGETzDK7w5ynlx3p2PRWvByWeO4Y+czx+6GZBZ</latexit><latexit sha1_base64="ik18sanYRZxqeA8Zd0oxE6cC8k0=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSFfRY6MVjBfshbSib7aRdutmE3Y1QYn+FFw+KePXnePPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqh NQjYJLbBpuBHYShTQKBLaDcX1Wbz+i0jyW92aSoB/RoeQhZ9RY6+HpsqeoHArslytu1Z2LrIKXQwVyNfrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LUoaofaz+cJTcmadAQljZZ80ZO7+nshopPUkCmxnRM1IL9dm5n+1bmrCGz/jMkkNSrb4KEwFMTGZXU8GXCEzYmKBMsXtroSNqKLM2IxKNgRv+eRVaF1UPct3V5VaPY+jCCdwCufgwTXU4BYa0AQGETzDK7w5ynlx3p2PRWvByWeO4Y+czx+6GZBZ</latexit><latexit sha1_base64="ik18sanYRZxqeA8Zd0oxE6cC8k0=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSFfRY6MVjBfshbSib7aRdutmE3Y1QYn+FFw+KePXnePPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqh NQjYJLbBpuBHYShTQKBLaDcX1Wbz+i0jyW92aSoB/RoeQhZ9RY6+HpsqeoHArslytu1Z2LrIKXQwVyNfrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LUoaofaz+cJTcmadAQljZZ80ZO7+nshopPUkCmxnRM1IL9dm5n+1bmrCGz/jMkkNSrb4KEwFMTGZXU8GXCEzYmKBMsXtroSNqKLM2IxKNgRv+eRVaF1UPct3V5VaPY+jCCdwCufgwTXU4BYa0AQGETzDK7w5ynlx3p2PRWvByWeO4Y+czx+6GZBZ</latexit>
|4i
<latexit sha1_base64="e+LboZN474Rt2ehdDnwfxDQL0EQ=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix0IvHCvZD2lA220m7dLMJuxuhxP4KLx4U8erP8ea/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVT egGgWX2DLcCOwmCmkUCOwEk8a83nlEpXks7800QT+iI8lDzqix1sNTra+oHAkclCtu1V2IrIOXQwVyNQflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LEoaofazxcIzcmGdIQljZZ80ZOH+nshopPU0CmxnRM1Yr9bm5n+1XmrCGz/jMkkNSrb8KEwFMTGZX0+GXCEzYmqBMsXtroSNqaLM2IxKNgRv9eR1aF9VPct3tUq9kcdRhDM4h0vw4BrqcAtNaAGDCJ7hFd4c5bw4787HsrXg5DOn8EfO5w+7pJBa</latexit><latexit sha1_base64="e+LboZN474Rt2ehdDnwfxDQL0EQ=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix0IvHCvZD2lA220m7dLMJuxuhxP4KLx4U8erP8ea/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVT egGgWX2DLcCOwmCmkUCOwEk8a83nlEpXks7800QT+iI8lDzqix1sNTra+oHAkclCtu1V2IrIOXQwVyNQflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LEoaofazxcIzcmGdIQljZZ80ZOH+nshopPU0CmxnRM1Yr9bm5n+1XmrCGz/jMkkNSrb8KEwFMTGZX0+GXCEzYmqBMsXtroSNqaLM2IxKNgRv9eR1aF9VPct3tUq9kcdRhDM4h0vw4BrqcAtNaAGDCJ7hFd4c5bw4787HsrXg5DOn8EfO5w+7pJBa</latexit><latexit sha1_base64="e+LboZN474Rt2ehdDnwfxDQL0EQ=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix0IvHCvZD2lA220m7dLMJuxuhxP4KLx4U8erP8ea/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVT egGgWX2DLcCOwmCmkUCOwEk8a83nlEpXks7800QT+iI8lDzqix1sNTra+oHAkclCtu1V2IrIOXQwVyNQflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LEoaofazxcIzcmGdIQljZZ80ZOH+nshopPU0CmxnRM1Yr9bm5n+1XmrCGz/jMkkNSrb8KEwFMTGZX0+GXCEzYmqBMsXtroSNqaLM2IxKNgRv9eR1aF9VPct3tUq9kcdRhDM4h0vw4BrqcAtNaAGDCJ7hFd4c5bw4787HsrXg5DOn8EfO5w+7pJBa</latexit><latexit sha1_base64="e+LboZN474Rt2ehdDnwfxDQL0EQ=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix0IvHCvZD2lA220m7dLMJuxuhxP4KLx4U8erP8ea/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVT egGgWX2DLcCOwmCmkUCOwEk8a83nlEpXks7800QT+iI8lDzqix1sNTra+oHAkclCtu1V2IrIOXQwVyNQflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LEoaofazxcIzcmGdIQljZZ80ZOH+nshopPU0CmxnRM1Yr9bm5n+1XmrCGz/jMkkNSrb8KEwFMTGZX0+GXCEzYmqBMsXtroSNqaLM2IxKNgRv9eR1aF9VPct3tUq9kcdRhDM4h0vw4BrqcAtNaAGDCJ7hFd4c5bw4787HsrXg5DOn8EfO5w+7pJBa</latexit>
|1i
<latexit sha1_base64="yQ1XCCSezjeCpjkbDTM/T3VANYY=">AAAB8HicbZBNSwMxEIZn/az1q+rRS7AInsquCHos9OKxgv2QdinZdNqGJtklyQpl7a/w4kERr/4cb/4b03YP2vpC4OGdGTLzRongxvr+t7e2vrG5tV3YKe7u7R8clo6OmyZONcMGi0Ws2x E1KLjChuVWYDvRSGUksBWNa7N66xG14bG6t5MEQ0mHig84o9ZZD09BV1M1FNgrlf2KPxdZhSCHMuSq90pf3X7MUonKMkGN6QR+YsOMasuZwGmxmxpMKBvTIXYcKirRhNl84Sk5d06fDGLtnrJk7v6eyKg0ZiIj1ympHZnl2sz8r9ZJ7eAmzLhKUouKLT4apILYmMyuJ32ukVkxcUCZ5m5XwkZUU2ZdRkUXQrB88io0LyuB47urcrWWx1GAUziDCwjgGqpwC3VoAAMJz/AKb572Xrx372PRuublMyfwR97nD7cDkFc=</latexit><latexit sha1_base64="yQ1XCCSezjeCpjkbDTM/T3VANYY=">AAAB8HicbZBNSwMxEIZn/az1q+rRS7AInsquCHos9OKxgv2QdinZdNqGJtklyQpl7a/w4kERr/4cb/4b03YP2vpC4OGdGTLzRongxvr+t7e2vrG5tV3YKe7u7R8clo6OmyZONcMGi0Ws2x E1KLjChuVWYDvRSGUksBWNa7N66xG14bG6t5MEQ0mHig84o9ZZD09BV1M1FNgrlf2KPxdZhSCHMuSq90pf3X7MUonKMkGN6QR+YsOMasuZwGmxmxpMKBvTIXYcKirRhNl84Sk5d06fDGLtnrJk7v6eyKg0ZiIj1ympHZnl2sz8r9ZJ7eAmzLhKUouKLT4apILYmMyuJ32ukVkxcUCZ5m5XwkZUU2ZdRkUXQrB88io0LyuB47urcrWWx1GAUziDCwjgGqpwC3VoAAMJz/AKb572Xrx372PRuublMyfwR97nD7cDkFc=</latexit><latexit sha1_base64="yQ1XCCSezjeCpjkbDTM/T3VANYY=">AAAB8HicbZBNSwMxEIZn/az1q+rRS7AInsquCHos9OKxgv2QdinZdNqGJtklyQpl7a/w4kERr/4cb/4b03YP2vpC4OGdGTLzRongxvr+t7e2vrG5tV3YKe7u7R8clo6OmyZONcMGi0Ws2x E1KLjChuVWYDvRSGUksBWNa7N66xG14bG6t5MEQ0mHig84o9ZZD09BV1M1FNgrlf2KPxdZhSCHMuSq90pf3X7MUonKMkGN6QR+YsOMasuZwGmxmxpMKBvTIXYcKirRhNl84Sk5d06fDGLtnrJk7v6eyKg0ZiIj1ympHZnl2sz8r9ZJ7eAmzLhKUouKLT4apILYmMyuJ32ukVkxcUCZ5m5XwkZUU2ZdRkUXQrB88io0LyuB47urcrWWx1GAUziDCwjgGqpwC3VoAAMJz/AKb572Xrx372PRuublMyfwR97nD7cDkFc=</latexit><latexit sha1_base64="yQ1XCCSezjeCpjkbDTM/T3VANYY=">AAAB8HicbZBNSwMxEIZn/az1q+rRS7AInsquCHos9OKxgv2QdinZdNqGJtklyQpl7a/w4kERr/4cb/4b03YP2vpC4OGdGTLzRongxvr+t7e2vrG5tV3YKe7u7R8clo6OmyZONcMGi0Ws2x E1KLjChuVWYDvRSGUksBWNa7N66xG14bG6t5MEQ0mHig84o9ZZD09BV1M1FNgrlf2KPxdZhSCHMuSq90pf3X7MUonKMkGN6QR+YsOMasuZwGmxmxpMKBvTIXYcKirRhNl84Sk5d06fDGLtnrJk7v6eyKg0ZiIj1ympHZnl2sz8r9ZJ7eAmzLhKUouKLT4apILYmMyuJ32ukVkxcUCZ5m5XwkZUU2ZdRkUXQrB88io0LyuB47urcrWWx1GAUziDCwjgGqpwC3VoAAMJz/AKb572Xrx372PRuublMyfwR97nD7cDkFc=</latexit>
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Figure 1. Setup for the observation of multiple quantum
coherence (MQC) signals. Two phase-tagged, femtosecond,
pump and probe laser pulses with variable time delay τ prop-
agate along the z axis defined by the wave vector kL. The
pulses have (a) parallel linear polarizations along the x-axis;
(b) orthogonal linear polarizations along the x- and y-axes,
respectively. (c) Disordered sample of identical atomic scat-
terers with electronic dipole transition Jg = 0 → Je = 1
at frequency ω0. The fluorescence signal monitored by the
photodetectors (PD) is observed in two directions, xˆ and/or
yˆ. The red solid arrows indicate real photons exchanged be-
tween (emitted by) the atoms, while the dashed blue arrows
represent virtual photons.
interaction prevails in dilute gases (∼ 1010 atoms/cm3),
where the mean interatomic separation is larger than the
resonant optical wave length. We can therefore treat this
interaction perturbatively and will interpret quantum co-
herence signals as arising from multiple scattering of sin-
gle photons between interacting atoms.
Below, we present our formalism and introduce the flu-
orescence measurement setup (see Fig. 1) that was em-
ployed to detect the dipole-dipole interactions in dilute
thermal gases [12, 27, 28]. Ultimately, we derive 1QC
(single quantum coherence) and 2QC (double quantum
coherence) spectra that are in excellent qualitative agree-
ment with recent experiment [28].
Master equation approach.— We consider N identi-
cal, initially unexcited, atoms at uncorrelated random
positions rα (α = 1, . . . , N), immersed into an electro-
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2magnetic bath represented by an infinite set of quantized
harmonic oscillators in their vacuum state. The atoms
are driven by pairs of collinear, polarized, femtosecond
laser pulses [see Fig. 1(a,b)] with wave vector kL and car-
rier frequency ωL that is quasi-resonant with the atomic
transition frequency ω0. We denote the arrival time of
the first (second) pulse in a pair by t1 (t2), with delay
τ = t2 − t1. After the second pulse, the scattered flu-
orescence signal is detected in the observation direction
kˆ ⊥ kL, at times t2 ≤ t ≤ Tint, with Tint an integra-
tion time that is much longer than the atomic radiative
lifetime.
The signal is expressed through the quantum-
mechanical expectation value of the intensity operator,
averaged over atomic configurations,
Ikˆ(t) =
〈〈
E
(−)
kˆ
(t) ·E(+)
kˆ
(t)
〉〉
conf
, (1)
where 〈. . .〉 = Tr[. . . ρ(0)]. The initial density operator
ρ(0) of theN -atom-field system factorises into the ground
state of the atoms and the vacuum state of the field.
The positive/negative frequency part E(+/−)
kˆ
(t) of the
operator for the electric far-field emitted by the atoms in
the direction kˆ reads explicitly [26],
E
(+)
kˆ
(t) = f
N∑
α=1
{
Dα(t)− kˆ
[
kˆ ·Dα(t)
]}
e−ik·rα , (2)
where f = ω20d/(4pi0c2Rd), d is the reduced dipole ma-
trix element, 0 is the free space permittivity, c is the
speed of light, and Rd is the distance from the center of
mass of the cloud to the detector. In writing Eq. (2),
we assume that Rd  rαβ = |rα − rβ | for any α, β.
The atomic lowering (raising) operatorDα(t) (D†α(t)) for
atom α incorporates arbitrary degeneracies of the ground
and excited state sublevels, and k is the wave vector of
the scattered light. Finally, 〈. . .〉conf stands for the con-
figuration, or disorder, average. The latter stems from
thermal motion of the atoms during the fluorescence de-
tection time, and integrates over interatomic distances,
as well as over the orientations of the vectors rαβ con-
necting pairs of atoms. We denote the mean interatomic
distance by r¯ [29], and assume an isotropic distribution
of the atoms.
We here specialize to atoms possessing a Jg = 0 →
Je = 1 transition, which involves three sublevels in the
excited state (see Fig. 1). A crucial consequence of the
excited state degeneracy is the existence of levels that are
not driven by the laser, but can nevertheless be populated
by the dipole-dipole interaction. The atomic lowering
operator is given by
Dα = −eˆ−1σα12 + eˆ0σα13 − eˆ+1σα14, (3)
where σαlk = |k〉α〈l|α, with the excited state sublevels
|2〉, |3〉, |4〉 (see Fig. 1) corresponding to magnetic quan-
tum numbers −1, 0,+1, respectively, and eˆ±1 = ∓(xˆ ±
iyˆ)/
√
2, eˆ0 = zˆ. Using Eqs. (2) and (3), for kˆ = xˆ in
Eq. (1) we obtain
Ixˆ=
〈
f2
N∑
α,β=1
eik0xˆ·rαβ
(
〈σαz1σβ1z〉+〈σαy1σβ1y〉
)〉
conf
, (4)
and Iyˆ follows upon replacing xˆ → yˆ, y → x in Eq. (4).
Note that in the above equation, we dropped the time
argument and introduced a new atomic basis, |x〉 = (|4〉−
|2〉)/√2, |y〉 = (|4〉+ |2〉)/(√2i), and |z〉 = |3〉.
Evaluation of the fluorescence intensity (4) includes
that of certain time-dependent atomic dipole correlators.
These can be obtained from the Lehmberg-type master
equation [25, 26]:
〈Q˙〉 =
N∑
α=1
〈LαQ〉+ N∑
α6=β=1
〈LαβQ〉, (5)
where Q is an arbitrary atomic operator, and the Li-
ouvillians Lα and Lαβ generate the time evolution for
independent and interacting atoms, respectively. In the
frame rotating at the laser frequency, the Liouvillians
read [21, 22, 30]
LαQ = −iδ
[
D†α ·Dα, Q
]
− id
~
[
D†α ·EL(rα, t) +Dα ·E∗L(rα, t), Q
]
+
γ
2
(
D†α ·
[
Q,Dα
]
+
[
D†α, Q
]·Dα), (6)
LαβQ = D†α ·
←→
T (k0rαβ , nˆ)·
[
Q,Dβ
]
+
[
D†β , Q
]·←→T ∗(k0rαβ , nˆ)·Dα , (7)
where δ = ωL − ω0, EL(rα, t) the slowly varying, com-
plex amplitude of the laser field at the position of atom
α, γ the spontaneous decay rate, and
←→
T (k0rαβ , nˆ) the
dipole-dipole interaction tensor, with k0 = ω0/c, and
nˆ = rαβ/rαβ . Substituting ξ = k0rαβ , the tensor←→
T (ξ, nˆ) is given by
←→
T (ξ, nˆ) = (3γ/4)e−iξ
[
(i/ξ)(1 − nˆnˆ)
+ (1/ξ2 − i/ξ3)(1 − 3nˆnˆ)], (8)
where 1 is a 3×3 unit matrix and nˆnˆ is a 3×3 dyadic. We
recall that the far- and near-field terms, scaling respec-
tively as ξ−1 and ξ−3, are the ξ  1 and ξ  1 asymp-
totes of the general dipole-dipole interaction tensor (8)
[20]. Under the assumption that ξ  1, which we will
henceforth employ, Eq. (8) can be approximated by the
far-field term,
←→
T (ξ, nˆ) ≈ (3γ/4)g(ξ)(1−nˆnˆ), responsible
for the exchange of transversely polarized (real) photons,
with coupling parameter g(ξ) = ie−iξ/ξ, |g(ξ)|  1.
The dynamics of independent atoms, as generated by
the Liouvillians Lα alone, can be found using known non-
perturbative methods [31, 32]. Because of the short du-
ration of the laser-atom interaction (two fs pulses with
3delay τ ∼ 10 ps) as compared to the typical thermal co-
herence time [33] of ∼ 10 ns [34], the atoms can be con-
sidered at fixed positions for a single interaction event.
The weakness of the dipole-dipole interaction justifies
a perturbative solution of Eq. (5) in powers of Lαβ . The
dynamics thus generated is relevant on timescales ex-
ceeding the thermal coherence time, where we cannot
ignore atomic motion. Upon averaging over atomic co-
ordinates, all position-dependent phases in Ikˆ vanish re-
gardless of the observation direction. Thereby, only inco-
herent terms in Eq. (4) remain, which correspond to the
case α = β. Furthermore, we restrict our perturbative ex-
pansion to the lowest order in Lαβ which survives the dis-
order average. As a result, each pair of interacting atoms
yields a contribution proportional to |g(ξ¯)|2 = 1/ξ¯2,
where ξ¯ = k0r¯. Such coupling describes double scatter-
ing of a single photon. Finally, only particular products
of the matrix elements of
←→
T (ξ¯, nˆ) contribute to the aver-
age signal upon integration over the isotropic distribution
of the vector nˆ [22, 23]. These non-vanishing combina-
tions can be most compactly expressed in the spherical
basis as 〈←→T qq′←→T ∗qq′〉conf = 〈
←→
T qq′
←→
T ∗q′q〉conf 6= 0 (with←→
T qq′ = eˆ
∗
q ·
←→
T · eˆq′ , q, q′ = −1, 0, 1). This imposes re-
strictions on the atomic sublevels that can be coupled via
double (in general, multiple) scattering, in a disordered
system.
Phase-modulated spectroscopy.— To obtain Ikˆ(t) from
which MQC (multiple quantum coherence) signals can
be deduced, we now focus on a sequence of laser pulses
that is specific to phase-modulated spectroscopy [35].
Therein, a typical experiment consists of M  1 cycles,
each of which lasts for Tint  γ−1 and involves driv-
ing the matter system by two time-delayed, phase-tagged
femtosecond pulses, followed by the atomic decay to the
ground state [12, 28]. The slowly varying amplitude of
the driving field during the interval τm ≤ t ≤ τm+1
(0 ≤ m ≤ M − 1) [with the time τm = mTint marking
the beginning of the mth pulse] is given by
EL(r, t) =
2∑
j=1
ε
(j)
L EL(t− t(m)j )ei(kL·r+Ωjτm), (9)
where EL(t) = E0 exp(−t2/2σ2) is the Gaussian pulse en-
velope (which we assume to be the same for both pulses),
with pulse amplitude E0 and duration σ, ε(j)L is the po-
larization of the jth pulse (ε(1,2)L = xˆ or ε
(1)
L = xˆ and
ε
(2)
L = yˆ), t
(m)
j the pulse arrival times [36], and the phase
tags φj =: Ωjτm (j = 1, 2) [see Fig. 1(a,b)] are generated
by transmitting the pulses through two acousto-optic
modulators oscillating at slightly different frequencies Ωj .
In Eq. (9), we used the approximation Ωjt
(m)
j ' Ωjτm
[35] and set the initial (constant) phases of the pulses
to zero. As a consequence of the phase tagging of the
driving field, the signal is modulated at harmonics of the
beat frequency Ω21 = Ω2 − Ω1, with the κth harmonic
identifying the κth quantum coherence (κQC) [12].
Following the second (probe) pulse, a time-integrated
fluorescence signal is monitored in the far field during
the time interval τm+1− t(m)2  γ−1, and can be approx-
imated by the integral
I¯kˆ(τ, τm) =
1
Tint
∫ τm+1
t
(m)
2
dtIkˆ(t). (10)
Fluorescence signals incident on a photodetector gener-
ate a photocurrent that is proportional to I¯kˆ(τ, τm). The
recorded photocurrent is demodulated by multiplication
with the reference signal e−iκΩ21τm (κ = 1, 2 is the de-
modulation order) [12, 35]. The combined current is fil-
tered by a lock-in narrowband filter described by the ker-
nel Γe−Γτm , with the lock-in bandwidth Γ → 0 in the
final expression. The demodulated signal is eventually
analysed in frequency space, after Fourier-transforming
it with respect to the delay τ . The above steps can be
summarized, in one expression, as [16, 35]
Skˆ(ω, κ) = limΓ→0
Γ√
2pi
∫ ∞
0
dτe−iωτ
∫ ∞
0
dτmI¯kˆ(τ, τm)
× e−(Γ+iκΩ21)τm . (11)
Results.— We now present our results based on a two-
atom model – the simplest framework required to deduce
1QC and 2QC signals. Previously, such models proved
useful in describing the dipole-dipole interactions in di-
lute and optically thin atomic ensembles [21, 38].
For N = 2, the average instantaneous fluorescence in-
tensity can be written as
Ikˆ(t) = I
[0]
kˆ
(t) + I
[2]
kˆ
(t), (12)
where the superscripts indicate powers of |g(ξ¯)|. Since
the laser-matter interaction occurs on a time scale
much shorter than that induced by the coupling to
the electromagnetic bath (which gives rise to the ra-
diative decay of the atoms, and to the dipole-dipole
interaction), the Gaussian laser pulses can be mod-
elled by delta pulses carrying the same energy Epulse.
Such pulses are characterised solely by their pulse area
Θ = 2d(σcµ0Epulse
√
pi/A)1/2/~, with A the laser beam’s
cross-section and µ0 the free space permeability.
With this delta-pulse approximation and the ansatz
(12), we obtain analytical solutions for Ikˆ(t), I¯kˆ(τ, τm),
and Skˆ(ω, κ) [39]. In Fig. 2 we plot the spectra Skˆ(ω, κ),
for kˆ = xˆ, yˆ and κ = 1, 2 (1QC and 2QC signals), with
the parameter values listed in the caption coinciding with
actual experimental ones [28]. We observe that the real
and imaginary parts of the 1QC spectra, respectively,
exhibit absorptive and dispersive resonances at ω = ω0,
and the 2QC spectra feature qualitatively identical line
shapes, albeit with the opposite sign of the 1QC spectra,
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Figure 2. Real (solid lines) and imaginary (dashed lines) parts of the fluorescence spectra Skˆ(ω, κ) [in units of f
2/(Tintγ
2); see
Eq. (11)], for kˆ = xˆ (left block of panels) and kˆ = yˆ (right block), and for κ = 1 (top) and κ = 2 (bottom). Symbols ‖ and
⊥ indicate parallel (xˆ-xˆ) and perpendicular (xˆ-yˆ) pump-probe polarizations, respectively. All plots were obtained for particle
density 7 × 1010 cm−3, corresponding to a mean atomic distance r¯ ≈ 10µm, and for laser pulses with Epulse = 30 nJ, δ = 0,
A = 1 mm2, σ = 21 fs [28], tuned in resonance with the D2-line of 87Rb atoms [37]: γ ≈ 2pi × 6.067 MHz, k0c = 2pi × 384 THz,
and d = 4.02ea0/
√
2, tantamount to a mean value ξ¯ = k0r¯ ≈ 80, and to a single pump/probe pulse area Θ = 0.44.
at ω = 2ω0. In the regime of relatively weak (pertur-
bative) laser pulses, the line shapes of the 1QC spec-
tra Skˆ(ω, 1) are consistently proportional to the real and
imaginary parts of the linear susceptibility [35], while the
opposite sign of Skˆ(ω, 2) stems from two additional in-
teractions of the atoms with the laser pulses.
Note the complete absence in our data of the 1QC
signal in the case of perpendicular (⊥) pump-probe po-
larization (see Fig. 2), corroborating the experiment [28].
This is due to the fact that orthogonally polarized laser
pulses imprint the correct phase for demodulation only
on Zeeman coherences (off-diagonal atomic density ma-
trix elements in the excited state manifold) – which do
not directly lead to fluorescence in the xˆ or yˆ directions,
see Eq. (4). Zeeman coherences can however be con-
verted to excited state population of the other atom, via
the dipole-dipole interaction described by the products←→
T qq′
←→
T ∗q′′q (q
′ 6= q′′), and thus give rise to fluorescence
for each configuration. Nevertheless, the net signal van-
ishes because these products do not survive the disorder
average.
In the same pump-probe configuration, 2QC signals
are however present. They originate from Zeeman co-
herences induced in both atoms. Given such a doubly-
excited state, the coupling Lαβ mediates a collective dis-
sipative process, whereupon a photon is emitted by both
atoms. This process is linear in
←→
T qq′ (or
←→
T ∗qq′) and,
hence, does not contribute to the signal on average. As
a result of the photon emission, both atoms are prepared
in a coherent superposition of their ground and one of
the excited states. Electronic coherence of one atom can
be transformed via double scattering into the excited
state population of the other atom with a probability
proportional to
←→
T ∗qq′ (or
←→
T qq′). Since the total proba-
Table I. Peak amplitudes Re{Skˆ(ω0, 1)} and Re{Skˆ(2ω0, 2)}
(up to a common prefactor), at leading order in Θ and 1/ξ¯,
for kˆ = xˆ, yˆ and for pump-probe polarizations ‖ and ⊥ (see
Fig. 2).
kˆ = xˆ kˆ = yˆ
κ ‖ ⊥ ‖ ⊥
1
3
10ξ¯2
Θ2 0 Θ2 0
2 − 3
320ξ¯2
Θ4 − 3
1280ξ¯2
Θ4 − 171
640ξ¯2
Θ4 − 3
1280ξ¯2
Θ4
bility of preparing such an excited state is proportional
to
←→
T qq′
←→
T ∗qq′ , fluorescence from this state does give rise
to a non-vanishing average signal.
As for the the 1QC signals detected for parallel (‖)
pump-probe polarization (xˆ, for pump and probe), the
peak magnitude for kˆ = xˆ is four orders of magnitude
smaller than for kˆ = yˆ, see Fig. 2. The reason is that, in
the former case, the signal is due to the double scattering
contribution I [2]xˆ alone [see Eqs. (4) and (12)]: Indeed,
for parallel polarization of pump and probe, independent
atoms cannot emit into the xˆ direction. In contrast, they
can emit in the yˆ direction, and the single-scattering con-
tribution I [0]yˆ does not vanish in this circumstance.
Finally, the cause of the different peak values of
1QC and 2QC signals lies in their distinct scaling
with the pulse area Θ: We find that Skˆ(ω, 1) ∝
Θ2, while Skˆ(ω, 2) ∝ Θ4, see Table I. Different nu-
merical prefactors for different polarization/observation
channels stem from the angular integrals. It is no-
table that, for parallel pump-probe polarization, the
ratio Re{Sxˆ,‖(2ω0, 2)}/Re{Sxˆ,‖(ω0, 1)} ∝ Θ2 is ξ¯-
5independent (i.e., insensitive to the atomic density),
in accord with previous reports [11, 28]. More-
over, we obtain that for both kˆ = xˆ, yˆ, the ratio
Re{Skˆ,‖(2ω0, 2)}/Re{Skˆ,⊥(2ω0, 2)} depends neither on ξ¯
nor on Θ – a prediction that is yet to be confirmed ex-
perimentally.
Conclusions.— We have described multiple quantum
coherence (MQC) signals in dilute, thermal atomic va-
pors. The distinctive feature of our method is the non-
perturbative (perturbative) treatment of the laser-matter
(dipole-dipole) interactions, implemented in a master
equation approach that fully accounts for the exchange of
virtual and real photons. In this perspective, MQC sig-
nals are sensing the retarded dipole-dipole interactions
mediated by the exchange of real photons. While, in our
present work, we obtained single and double quantum
coherence signals, our method defines a general and ver-
satile framework for the systematic assessment of higher-
order contributions – which were observed experimen-
tally [12, 27, 28] – by combining diagrammatic expansions
in the far-field dipole-dipole coupling with single-atom re-
sponses to laser pulses of arbitrary strength [23, 24]. In
the future, we will explore the non-perturbative regime of
the laser-atom interactions and study how strong exter-
nal driving can be used to enhance specific signals [32].
Finally, we will generalize our method to resolve more
subtle features of MQC spectra [27] – due to fine and
hyperfine structures of the involved dipole transitions.
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